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INTRODUCTION 
WE COIlSlDER here dynamical systems on a compact C I0 manifold without boundary, which 
are C’ actions either of Z or R on M, r 2 1. From the point of view of orbit structure, there 
is a natural identification of these actions with the sets of C’ diffeomorphisms and C’ vector 
fields of M (see Cl;]). These sets with the uniform C’ topology are denoted by Diff(M) 
and x(M). 
In [lo] Smale defined a subset S(M) of Diff(M), called now Morse-Smale diffeo- 
morphisms, and conjectured that S(bf) is open and each of its elements is structurally 
stable. The main purpose of this paper is to prove the first part of this conjecture and the 
second part when dim M I 3. The correspondent results hold for the vector field case and 
then they extend results of [7]. 
For f E Diff(M) we denote by Q(f) the set of nonwandering points of f and by 
Per(f) the set of periodic points off. A point x E Per(f) of period n is called hyperbolic if 
(Of”), has its spectrum disjoint from the unit circle in the complex plane. In this case we can 
define the stable and unstable manifold of X, W’(x) and W”(x). We call s = dim W’(x) 
the stable index of x. For s = dim M, 0 < s < dim M, s = 0, x is called a sink (attractor), 
saddle, source respectively. We refer the reader to [13] for a detailed presentation of these 
concepts and a general background to the subject. 
Let S(M) be the subset of Diff(M) defined by: f e S(M) iff 
i) Q(f) is finite (this implies Q(f) = Per(f)), 
ii) all points in Per(f) are hyperbolic, 
iii) for any pair of points x, y E Per(f), W’(x) and W”(y) have a transversal intersec- 
tion. 
The analogue of S(M) for the vector field case is the set Y(M) defined by: X E 9’(M) 
ff 
i) Q(X) is the union of a finite number of fixed points x1, . . . , x, and closed orbits 
Yt, * * *, Y. of x 
ii) the xi, yj are all hyperbolic, 
iii) the stable and unstable manifolds of the xi, yj have a transversal intersection. 
t Partially supported by C.N. Pq., Brazil. 
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For f~ S(M) its periodic orbits are partially ordered by the reIation: c(x) < c(y) iff 
W’(.y) n W”(y) # 0. The periodic orbits off with this partial order structure is called the 
phase-diagram o(f). By a diagram isomorphism we mean a map p: O(j) + O(g) which is 
bijective, index and order preserving. 
THEOREM. S(M) is open in Diff(fM). If f E S(&f) t/Zen its phase-diugrum is stable (up 
a diagram isomorphism) zrnder C’ smalf pertubations. 
An elementfE Diff(M) is called structurally stable if there is a neighborhood iv(f) in 
Diff(M) such that for each g E iIT there exists a homeomorphism h of 1M satisfying 
1$(x) = g/i(x) for all x E itf. Similarly, X E x(M) is structurally stable if there is a neighbor- 
hood N(X) in X(M) such that for each YE N(X) there exists a homeomorphism of M 
sending trajectories of x into those of Y. 
If x is a hyperbolic fixed point offE Diff(M), thenfis locally topologically conjugate to 
(Of),. This is due to Hartman [3] and Grobman [2]. We give here a new proof of this 
result, which is related to the proof of the following 
THEOREM. Iffy S(M) and dim M 5 3 fhenf is strztcturalf_v srable. 
The correspondent results hold for the vector fields in Y(M). 
In [11] it was shown that given any Riemannian metric on M, Y(M) n G(M) is an 
open and dense subset of G(M), where G(M) is the set of all gradient vector fields on M. 
Thus in any manifold Y(M) is far from being empty. Also if XE Y(M) n G(M) then its 
induced diffeomorphism at time t = 1 X,=, E S(M). Using this and the above result 
we conclude that any manifold M with dim M I 3 has structurally stable diffeomorphisms 
and vector fields. 
In the last section we analyze the problem of embedding a diffeomorphism of lbf in a 
topological flow. It is well known that there are diffeomorphisms near the identity map 1 on 
M that do not embed in smooth flows. We show here that in any neighborhood of 1 in 
Diff(M) there is an open set of diffeomorphisms that do not embed in topological flows. 
This paper originated from the author’s doctoral thesis at the University of Cali- 
fornia under the guidance of S. Smale. I wish to thank M. Hirsch, N. Kopell, I. Kupka, E. 
Lima, M. Peixoto, C. Pugh, M. Shub, J. Sotomayor, R. Thorn and especially S. Smale for 
many helpful conversations. 
The main goal of this section is to prove that the set of Morse-Smale diffeomorphisms 
S(M) is open in Diff(M). We consider a set R(M) 3 S(M), which is open in Diff(M) and 
then we show that S(M) is open in R(M). 
We start by discussing the phase-diagram of these elements of Diff(M). The basic 
reference is [IO]. 
Letfe Diff(M) and P be a hyperbolic fixed point off: We denote by B(P) and LV(P) 
the local stable and unstable manifold of P. Let BJ be a cell neighborhood of P in LS(P), 
such that f(aBJ> c Int B’. The existence of such a cell B” follows from the fact that f/U(P) 
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is a contraction. The embedded annulus in LS(P) whose boundaries are aBS,f(2B’) is called 
a fundamental domain G’(P) of IV(P). We have W’(P) = uf”(G’(P)) u {P;. Any neigh- 
“E: 
borhood NJ(P) of G”(P) in M, disjoint from LU(P), is called a fundamental neighborhood 
associated with W’(P). 
Dually we can define G”(P) and N”(P). 
If P E Per(f) is hyperbolic with period n > 1, we can define G”(P), N’(P) as before by 
considering the mapf” for which P is fixed. In general, a description off” in a small neigh- 
borhood of P is transferred, via iteration by f, to small neighborhoods of the points in the 
orbit 0(P). This observation will be used throughout this paper. 
Let IV,, W, be submanifolds of M with i,, i, being their inclusion maps. We say that 
W, is E Cl-close to WI is there is a diffeomorphism y : WI + Wz such that Ii, - i, 0 ylc, < E. 
(1.1) LEMMA (I-lemma). Suppose P is a hyperbolic fixed point for f E Diff(M), dim 
W”(P) = r, 0 < r < m, and N is a 1-l immersed manifold in M, imariant under f and having 
a point Q of transcersal intersection with W”(P). For any gicen cell neighborhood B’ of P in 
W”(P) and any E > 0, there exists an r-ceil in N, E Cl-close to B’. 
Proof. First we notice that it is enough to prove the lemma when dim N = r, since in any 
case we can restrict the argument to a small r-cell in N transversal to W’(P) at Q and its 
iterates by f. Also, since W’(P) and N are invariant under f, we can reduce the question to a 
local one around P. 
From the stable manifold theorem [3], there exists a neighborhood V= LS(P) x 
LU(P) of P, where f can be expressed by 
f(x,, -uz) = (LA + X1(%, 4, L”XZ + Xz(% xz)) (I) 
where (L,, L,) = (Df)p, x1 E LS(P), x2 E LU(P)), and 
1 5 i,i I 2. If V is small enough we can set 
(b - 1)2 
O<k<l,b,=b-k>l,a,=a+k<l,k<T. (III) 
4 
As we pointed out above, we can assume B’ c V and Q E V. Let t’e be any unit vector in 
(TN)o. With respect to the splitting V = LS(P) x LU(P), we can write cc, = (te’, ye”). 
We call the inclination of t’e , I., : 
Set Q, =f”(Q) and ZJ,, = (Df)a._,(un_l). Using (II) and (III) we have 
388 J. PALIS 
Ol- 
So there exists no E Z, such that 
b, - 1 
F.” 5 - 
4 
for n 5 110. 
Now, choose a product neighborhood VI(P) = 61” x B’, 6 < E, V, c V and in Cl k’r 
k, yl;‘;r 2 II II < min(s, k). 2 
Also, choose a small cell neighborhood D’ of Qn, =f”“(Q) in IV, such that the inclination of 
any unit vector in (TN), , R E D’, satisfies: 
b,-1 
1.57. WI) 
By considering the positive iterates of D’ restricted to V, and using the same notation as 
6, + 1 
above, for b2 = - 
2 
we get 
which is an expression similar to (IV). If n EZ+ is large enough, we get 
in (VII), which implies the lemma. 
We notice that the above estimates hold in Banach spaces. Also, the condition that P 
be hyperbolic can be somewhat relaxed if we consider the strong unstable and central stable 
manifolds of P instead of W’(P), W’(P) and require that the point Q has its positive orbit 
coverging to P. 
As immediate consequences of lemma (1.1) we have: 
(1.2) COROLLARY. Let P E Per(f) be hyperbolic and let N”(P) be a fundamental neigh- 
borhood associate with W”(P). Then U f”(N”(P)) =3 V - LU(P), where V is a neighborhood 
“El 
0fP in M. 
(1.3) COROLLARY. Let Pi E Per(f), 1 < i I 3, be all hyperbolic. If W”(P,) and W’(P*), 
Wy(P2) and Ws(PJ) hate points Q,, Q2 6 Per(f) of transuersaI intersection then W”(Pl) and 
W’(P,) also have a point Q, $ Per(j) of tranxersal intersection. 
(1.4) COROLLARY. Let P E Per(f) be hyperbolic. If W’(P) n W’(P) # O(P), where 
O(P) is the orbit of P, then n(f) is not finite. 
Proof. In fact W”(P) n W”(P) c n(f). So if Q E W”(P) n W”(P) and q 4 O(P) then 
Q $ Per(f) andlo = Wh 
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Unless otherwise stated, we will be considering in this section the subset R(M) of 
Diff(M) defined by: f E R(M) iff 
i) Q(f) is finite (this implies Q(f) = Per(f)), 
ii) all points in Per(f) are hyperbolic, 
iii) for X, y E Per(f) if W’(X) n W”(y) # 0 then IV”(X) and W”(r) have a point of 
transversal intersection. 
Clearly the set of Morse-Smale diffeomorphisms S(M) is contained in R(M). For 
f E R(M), since Q(f) is finite we have A4 = lJ II” = u IV”(P,), Pi E Per(f). Conse- 
quently there is at least one sink and one sourcl in Per(f). 
I 
(1 S) LEMMA (Smale). Let Cf W”( Q) n W”(P) # 0, P, Q E Per(f). There is a sequence 
P 1, . . . , P, E Per(f), P, = P, P, = Q such that Ws(P,) n W”(Pi+I) # 0 for 1 I i I n - 1. 
Proof. P can not be a source. If P is a sink it is enough to consider the pair P, Q. So let 
P be a saddle point. There is a point xi $0(P) such that xi E W’(P) n Cl W”(Q). Otherwise 
we can construct a fundamental neighborhood N’(P) so that N”(P) n Cf W”(Q) = 0. Since 
L_j fVV)> ” LU(P)> n ~2, contains a neighborhood of P we have Cl W”(Q) n L,(P) 
= 0, contradicting the assumption. Now x1 E W”(PJ for some P, E Per(j), so that W’(P) 
n W”(P,) # 0 and Cf W”(Q) n W”(PJ # 0. If P, = Q we are done. If not we can 
repeat the argument and thus get a sequence P,, P, . . . as above with P, = P. Notice that in 
this sequence Pi # Pj for i # j since otherwise Ws(Pi) n W”(Pi) # O(Pi) and from (1.4) 
n(f) would not be finite. Since Per(f) is finite we must reach Q with this process and thus 
proving the lemma. 
(1.6) PROPOSITION (Smale). Let f E R(M). Then for each P E Per(f), W’(P) and W’(P) 
are (embedded) submanifolds of M. The periodic orbits off are partially ordered by: G(P) I 
O(Q) $Cl W”(Q) n W”(P) # 0. 
Proof. Both statements follow from (1.3), (1.4) and (1 S), for they imply 
Cf W”(Q) n W”(P) # 0 iff W”(Q) n W’(P) # 0. 
Thus this partial order can equivalently be defmed by: G(P) I S(Q) iff Ws(P) n W”(Q) 
# a. Consequently for each P E Per(f) there is a fundamental neighborhood Ns(P) such 
that for Q E Per (f) if Ws(P) n W”(Q) = 0 then N”(P) n W”(Q) = 0. From now on in 
this paper we will consider only such fundamental neighborhoods. 
For P, Q E Per(f), a chain connecting Q to P in the phase-diagram off is a sequence 
P ,, , . . . , P, with each Pi E Per(f), Pi $O(Pi+1), PI = P and P, = Q, such that W’(Pi) n 
WU(Pi+I) # 0. In this case n is called the length of the chain. 
(1.7) Definition. For P, Q E Per(f ), Q is said to have k behavior relative to P, beh( Q 1 P) 
= k, if the maximum length of chains connecting Q to P is k, k EZ+ . We complete by 
setting beh(Q 1 P) = 0 if W’(P) n W”(Q) = 0. Thus beh(Q 1 P) indicates how P and Q are 
related in the phase-diagram off. 
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Notice that if beh(Q j P) = 1 and N”(P) is a closed fundamental neighborhood asso- 
ciate with W’(P) then w’(Q) is closed in X’(P). Also, since W”(P) has the induced topology, 
there is q, E 2, such that for n 2 no ,f”(G”(Q)) n N”(P) = 0, where G(Q) is a funda- 
mental domain of W”(Q). 
Examples. We give now examples of Morse-Smale diffeomorphisms showing different 
types of behavior. The following pictures illustrate the main features of the diffeomor- 
phisms. 
beh (P,/P, J = f beh(P,/P,l=l, beh(P,/P,l= 2 
Figure 1. Figure 2. 
Both examples can be completed to Morse-Smale diffeomorphisms of the sphere S’. 
For the first, take four copies of the above and match them along the edges, forming the 
vertical faces of a cube. Then put a saddle point in center of the top and bottom faces. For 
the second example one has only to add a source outside the picture. Also, we can con- 
struct in any compact two dimensional manifold a Morse-Smale diffeomorphism with an 
arbitrarily high behavior n E 2, in its phase-diagram as follows. We start with a Morse- 
Smale vector field X with no closed orbits. Let S be a sink for X and let D be a disc around 
S, aD transversal to X. We redefine X in D so that 
i) n(X) is a finite union of critical points, all hyperbolic, 
ii) X has in D n + 1 saddles PO, . . . , P, . For each Pi one of the components of W’(P,) 
-Pi coincides with one of the components of W”(Pi+,) - Pi+I. 
Let f be the diffeomorphism induces by X at time t = 1. Taking fundamental neighbor- 
hoods N”(P,), we can make a series of small C’ pertubations each having support in one of 
the N’(P,), such that if 9 is the resultin, 0 diffeomorphism then n(g) = !XjJ and Wv"(Pi , g) 
and WYPi+ 1 ,g) h ave a non-empty transversal intersection. If necessary, with a further C’ 
small perturbation outside D, we can set all the stable and unstable manifolds of n(g) in 
general position. We thus get a Morse-Smale diffeomorphism g1 so that PO, P,, E !2(gl> and 
beh(P,, 1 PO> = II. 
See [12] for the proof of the following: 
(1.8) LEMMA. Let P E Per(f) be hyperbolic of period n and let U be a neighborhood of P 
with no periodic points of period less than or equal to n. Let B”, B” be cel[ neighborhoods of P 
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in LS(P), LU(P) and B” x B” c U. There is a neighborhood N(f) in Diff(M) and a continuous 
map p : ;Y(f) -+ Diff (M) SUCK that 
i) p(f)= 1, 
ii) for each g E ;V(f ), P* = p(g)(P) is a hyperbolic period point of g in U, P* has the 
same period and stable in&x as P ant1 is the only periodic point of g in U with period 
less than or equal to II, 
iii) p(g)(F), p(g)(B”) are cell neighborhoods of P* in LS(P*), LU(P*). 
When Per(f) is a finite hyperbolic, we get from (1.8) a vve11 defined map p(g) : Per(f) + 
Per(g), 9 E N(f). 
An element f~ Diff (M) is called R-stable if there is a neighborhood N(f) in Diff (M) 
such that for each g E N(f) the mapsf/R(f) and g,‘Q(g) are topologically conjugate. 
(1.9) THEOREX. The set R(M) is open in Diff(M). Iff E R(AM) then there is aood neighborh 
N(f) such thar for each g E N(f) th e map p(g) : Per(f) -+ Per(g) dejined aboce is a diagram 
isomorphism. In particular f is R-stable. 
Proof: Let f E R(M) and let XI(f) be such that the map p(g) : Per(f) -+ Per(g) is well 
defined in N,(f). We claim that there exist a neighborhood IV(f) c NV,(f) and a neighbor- 
hood V of the sinks, sources, stable and unstable manifolds of the saddles off such that 
Q(g) n Y = p(g)(Per(f)), for g E X(f). First we construct a neighborhood N(f) and a 
neighborhood V” of the sinks and unstable manifolds of the saddles of f such that 
Q(g) n V‘= p(g)(Per(f) n Vu), for g E N(f). We proceed by induction on the phase- 
diagram of J 
For each sink Si off, choose a neighborhood V,(Si) c Ws(Si) and s0(Si) > 0 such 
that if 19 -flcr < Eo(Si) then V0 c Ws(Si*), where Si* = p(g)(Si). This follows from 
lemma (1.8). To simplify the notation let V, = u V,(S,) and E,, = min{sO(Si) 1 Si sink off}. 
In V0 the condition Q(g) n V, = p(g)(PerCf) n V,,) is readily verified. 
Suppose now that we have constructed Yk, ok corresponding to the points in Per(f) 
whose behavior with respect to the sinks off is less than or equal to k, so that 0(g) n Yk = 
&?)(Per(f) n vk) for 19 -flcr < Ek. Let P, be a point next to these in the phase-diagram 
off and let N”(PI,+r) be a closed fundamental neighborhood. We assert that there exists 
n, E 2, such that for each x E N”(Pf+r), f”(x) E Vk for some n, 1 I n I no. In fact, let Pk 
be next to Pk+r in the phase-diagram and take an open fundamental neighborhood 
N”(Pk) c vk. Since w’(Pk) is closed in N”(Pk+r) there exists nr E Z, such that Uf-‘(N’(Pk)), 
1 5 i I n,, contains a neighborhood Tk of W’(P,) n NU(Pk+l). Similar neighborhoods can 
be constructed for the stable manifolds of all points next to Pkfr in the phase-diagram. 
Let us denote the union of these neighborhoods simply by Tk. Let now Pk-r be such that 
beh(P,+, 1 Pk_l) = 2. In NY(Pk+l) - Tk , ws(Pk_l) is closed. Thus we can repeat the argu- 
ment for m/rc(Pk_r) finding n2 E Z+ as above and so on. Taking n, = max(ni) the assertion 
is proved. Now let U be a neighborhood of Pk+l such that U 13 N”(P,,+r) and for each 
x E U - Ls(Pk+ r),f”(x) E N”(Pk+,) for some n 2 0. If Ed+ r > 0, is small enough the same is 
true for g, /g -f Icm < &kfl and each x E U - LS(PI,+ 1’). This follows from lemma (1.8) 
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Also for each I E NU(Pk+i), g”(x) E V, for some n, I 5 n < n, . The induction step of the 
assertion is proved by taking V,,, = Yk lJffl(:VU(P,+,)) u U for 1 _< n I no and slril < Q. 
L 
Let now VU = IJ V, and .? = min Q. Dually, vve can construct I’“, .sS. Our claim is proved 
by setting V = k u V” and E =‘min(s’, E!‘). 
Now, for g Co nearf, Q(g)j~~l- V = 0. In fact, J1- Int Vis compact and contained 
in the stable manifolds of the sinks off. 
Thus for g near f in Diff(!M) the map p(g) : Per(f) + Per(g) is onto. Moreover, the 
above construction shows that if bVX(Pi) n W”(Pj) = 0 then W’(P,*) n W”(P,*) = 0. And 
since the property of lVs(Pi) and IY”(Pj) having a point of transversal intersection is clearly 
an open one in Diff(M), we conclude that p(g) is a diagram isomorphism and thus the 
proof of the theorem. 
(1.10) COROLLARY. The set of Morse-Smale d@jGonrorphisms S(M) is dense in R(M). 
ProoJ In [4], [12] it is shown that any diffeomorphism of bf can be approximated by 
one having all of its periodic points hyperbolic and their stable and unstable manifolds in 
general position. Since R(M) is open, (1.10) follows. 
(1.11) LEMMA. Let f be a Morse-Smale dijj%omorphism of M and let P E Per(f) be of 
unstable index r. Fix a cell neighborhood B’ of P in LU(P). There exists a neighborhood V 
of P, V = bf”-’ x B’, and a neighborhood N(f) in Diff(M) such that for any g E N(f), 
W“(P,*) n V, bcYth thefibers C’ close to B’. As usual, Pi* = p(g)(Pi), p being the map dejned 
in lemma (1.8). 
Proof. First we prove the assertion for the invariant manifolds of Per(f). We proceed 
by induction on the phase-diagram off. If P is next to a source, there is nothing to be 
proved. Suppose the assertion is true for all periodic points Pi such that W”(Pi) n W’(P) # 0, 
Pi r$ O(P). Let N”(P) be a closed fundamental neighborhood associate with W’(P) and let 
P, E Peru) be such that beh(P, 1 P) = 1. So L 1 = W”(P,) I-I IV’(P) n W” is compact. From 
the transversality assumption, the normal bundle of L,, restricted to a small neighbohood 
Vi of L, in W”(P,), yields a r-cell fiber bundle of W”(Pl) n V, over Li, the cells having maxi- 
mal inclination say less than Ai. The other periodic points off that have 1 behavior relative 
to P are treated similarly and they will be denoted simply by P,. Let now P, E Per(f) be 
such that beh(P, 1 P) = 2. Since from the induction assumption, the lemma was supposed 
to be true for P,, we get immediately that for a small tubular neighborhood T, of W”(P,) 
in N’(P), W”(P,) n Tl also fibers over its intersection with W”(P), with the fibers having 
maximal inclination less than 24. In N”(P) - Int T,, W”(P2) is compact, SO we can repeat 
the argument, getting eventually a new fundamental neighborhood N”(P) and a new upper 
bound for the inclination of the fibers, say i., and so on until we exhaust all the periodic 
points pi such that Wy(Pi) n W’(P) # 0. Applying now lemma (l.l), we finish the proof 
for Per(J). 
The result can be extended to a small neighborhood off in Diff(M) in view of theorem 
(1.9), lemma (1 .S) and the uniform estimates of lemma (1.1). 
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From theorem (1.10) and lemma (1.11) we have 
(1.12) THEOREM. The set of Morse-Smale diffeomorphisms of M is open in Diff(&?). 
Moreocer, if f is Morse-Smale, then its phase-diagram is stable (up a diagram isomorphism) 
under small C’ perturbations. 
§2 
Here we discuss the (local) stability offE Diff(hi) in a neighborhood of a point P E 
Per(f) which is hyperbolic. Then we prove the (global) stability of the Morse-Smale 
diffeomorphisms when dim M I 3. 
(2.1) THEOREM. Let f : U(P) --, M be a local C’ di’eomorphism, r 2 1 and U(P) a 
neighborhood of P in M, hatting P as a hyperbolic fixed point. There exists a local homeo- 
morphism h : V + Ai such that hL(x) = fh(x) for all x E V, where L = ( Df)p and V is a 
neighborhood of the origin in the tangent space of M at P. 
Notice that, by taking a neighborhood chart of P in M and making the obvious identi- 
fications, the question can be reduced to a similar one in R”, where m = dim hf. The 
extension of (2.1) to the case when P is a hyperbolic periodic point is immediate. 
The result is due to Hartman [3] and Grobman [2]. 
In order to prove theorem (2.1) we need the following: 
(2.2) LEMSIA. For any given E > 0, there is a neighborhood B” x B” of P, B” c LS(P) 
and B” c LU(P), and a d$ieomorphism h s : V + LS(P) x LU(P), V 2 B” x B”, such that 
i) [h” - Idlct < E, 
ii) h’ = Id, h, of = L on dbB” x B”. 
Here Id stands for the identity map. 
Proof. Fix a cell neighborhood B,(P) and let C’(B,, R”) be the set of C’ maps of B, 
into R” with the uniform C’ topology. Let U, = 4 n L(B,) and U, be the complement of 
a neighborhood of U, in R”, so that we can choose B,’ x B2* c B, r\ L-‘(B,) with 
aB,* x B,” c U2. Let ~1: R” -+ R be a C” function with uniformly bounded derivatives 
and u/U, = 1, cc/U2 = 0 and let 7” : R” -+ R” be the map y,(z) = L z, n EZ+ . Setting 
f = L +- a’, define for each n E Z, h, = uk, + (1 - cr)Id : B, -+ R”, Ghere k, = Id + @ o 
L-’ 0 Y,, : B, -+ R”. For large n, h, is near Id in C’(B,, R”) and thus a diffeomorphism of B, 
into R”. Finally, let h* : B+ R” be defined by h*(z) = y. h,(nz), where B = y,(B,). For 
large q/h* - Idlcl < E and l(h*)-’ - Idlcl < E. One verifies directly that on dB” x B”, 
h* = Id and h* 0 L =f, where B” = y,(BIS) and B” = y,(B,“). Setting 11~ = (h*)-‘, the lemma 
is proved. Notice that B” c LS(P) and B” c LU(P) are invariant under h, and h, is c’. 
Proof of (2.1). Let U = B” x B”, h, as in lemma (2.2) for some E > 0. We construct a 
homeomorphism q of U such that 
i) cp is C’ off B” and B”, 
ii) q/B” = Id and q/B” = Id, 
iii) cp 0f 0 9-l = f, x f,, where f, =flp and f, =flB”. 
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From this the theorem will follow easily. 
Let us construct cp = (cp,, q,), where qs = rr, o cp, cp, = X, 0 q and rrs, nu are the pro- 
jections B” x B” --, B’, B” x B” -+ B”. Let D-’ = dB” x B”. Since h, of = L on p and L, = LIB” 
is a contraction we have f(o”) n D” = 0 and f(p) separates D” x D” into two disjoint 
components. Thus we can define 
V, = the region of B” x B” bounded by D” and f (D”), and by induction 
V,, = the region of B” x B” bounded byf”(D”) andf”+‘(D”). 
Clearly, G V, = B” x B” - {P} x B”. We define cp,/ V, = hs-’ 0 77, Q h, ) CPSIV” =f” 5 9. Q_f -n 
n=o 
and rp,(B”) = P. cp~ is well defined. To prove this it is enough to assure that cp, is well defined 
on the boundaries of the V.. This follows from the fact that on D’, h, = Id and h, 0 f = L. 
Dually, we can define 40” by considering f -’ and a diffeomorphism h, similar to the h, of 
lemma (2.2). From its construction it is immediate that cp satisfies conditions (i) to (iii) 
above. It remains to show that cp is a homeomorphism. 
cp is one to one and onto B” x B”. Taking E, used to define h, and h, in lemma (2.2), 
small enough it follows from lemma (1.1) that for each z E B’, q,-‘(z) is C’ close to B” and 
for each z1 E B”, ~pu-‘(zl) is C’ close to B”. Since B” and B” intersects in a unique point, the 
same is true for cp,-r(z), ‘pU-r(z,) f or z E B”, z1 E B”. This implies the assertion. 
cp is continuous. From its definition cp is C’ except possibly at B”, B”. Let us check the 
continuity of 40 on B” - {P}. Let z, + z E B” - {P}. Since rp, is clearly continuous on 
B” - {P}, rp,(z,,) + q”(z) = z. So it is enough to show that l~s(z,,)l -* 0. For that we can 
assume z. # B” and thus for each z, there is ni > 0 and yn, E V. such thatf”‘(y_) = z,, . So 
cp,(z,) =f”‘qP,(y,J and from z,, -+ z E B” we have n, + co. The assertion now follows from 
the fact that f/B” is a contraction. The proof of the continuity of cp on B” is similar. 
To finish the proof of the theorem, we notice thatf, = f/F and L, = L/gP are contrac- 
tions. Moreover, if O(f) and G”(L) are the fundamental domains with boundaries dB”, 
f,(aF) and dB”, L,(am respectively, then h, . * G”(f) -+ G’(L) satisfies h&(z) = L,h,(z) for 
z E aB”. Thus we can redefine h, in all of B” by h,(z) = L,“h,f, -“(z) for f, -“(z) E G’(f) and 
h,(P) = P. Similarly, we can redefine h, in B” so that h,f, = L,h,. Setting h = II, x h, and 
using that 9fp-l = f, x f, we get hqfp -l = Lh on B” x B”. This shows that hq is a con- 
jugacy between f and L on B” x B”. The theorem is proved. 
An immediate consequence of theorem (2.1) and lemma (1.8) is 
(2.3) THEOREM. (Local Stability). Let P E Per(f) be hyperbolic. There exist a neighbor- 
hood V of P and a neighborhood N(f) in Diff(M) such that for each g E IV(f) there is a local 
homeomorphism h : V + M satisfying hf = gh on V. 
We now pursue a global version of theorem (2.3) for a Morse-Smale diffeomorphism. 
All submanifolds of M considered here will have the induced topology. 
(2.4) Definition. Let P be a fixed point off. A neighborhood T”(P) is called a Y-neigh- 
borhood if If” is trivially fibered over B” = Y n W(P), B” a cell neighborhood ofP in p(P), 
the typical fiber being B” = T” n W(P), B” a cell neighborhood of P in V(P). Moreover, 
if x is the projection II : T” + B” then 
i> 
ii) 
iii) 
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T” isf-invariant, which meansf(x-lb)) 3 rc-‘(f(~)) for y E B”, 
for each y E p, n-‘(y) is a C’ submanifold of M, z is continuous on T” and C on 
each fiber X-‘(J), 
the fibers n-‘t’~), y E B”, are C’ uniformly close to B” in the following sense: for 
any E > 0 there is a neighborhood U(P) c B” so that X-‘(Y) is E C’ close to B’ for 
all y E U. 
We denote the space of fibers {E-‘01) j y E B”) above by 9”. 
As usual, if P is periodic of period n, then we can define a F-neighborhood of the 
orbit of P via itteration by f of a F-neighborhood of P forf”. 
(2.5) Remark. Let Y(P) be a .9-neighborhood of P, Jo : T + F = T” n W’(P) being 
its projection map. If B,” c B” is a cell-neighborhood of P in W’(P), then the restriction 
n : n-‘(B,“) + BIS defines a fl-neighborhood of P. If B,” 1 B” = T” n W”(P) is a cell 
neighborhood of P in W(P), then via itteration by f we get a 9-neighborhood T,“(P) such 
that T,’ n w”(P) = BIU. 
(2.6) Definition. A system of 8-neighborhoods {T”(P) j P E Per(J)} is called admissible 
if 
i) for each P E Per(f), there exists a fundamental neighborhood G”(P) c T”(P) such 
that if W”(Pi) n W’(P) # 0, i.e., beh(PiI P) > 0, then W’(P,) n G’(P) c UT”(P,), 
k 
the Pk being such that beh(P, 1 Pk) 2 0, 
ii) for ei E %“(Pi) and ej E %“(Pj), if ei n ej # 0 then ei c ej or vice-versa. 
(2.7) LEMMA. (Stability Lemma). Letfe S(M). Then f is structurally stable if there 
exists a neighborhood N(f) in Diff (M) such that 
I) for each g EN(f), the map p(g) : Per(f) + Per(g) defined in (1 .S) is a diagram 
2) 
3) 
isomorphism, 
each g E N(f) has an admissible system of %-neighborhoods, {T”(P*) 1 P* E Per(g)}, 
with their space offibers denoted by %“(P*) and P* = p(g)(P), P E Per(f), 
for each Pi E Per(f) there exists a conjugacy hi : LS(Pi) -+ LS(P,*) between f/LS(P) 
and g/LS(P,*) such that if hi* : %“(Pi) + %;“(Pi) is the map induced by hi on %“[Pi) 
then hi* is admissible, i.e. for ei E F(PJ and ej E %“(Pj) if et c ej then hi*(ei) 
c hj*(ei). 
Proof Define H(z) = g-“h/(z) forf”(z) E LS(P,). Since M = uf”(LS(Pi)), His a well 
defined map H : M+ M, with an inverse H-‘(z) = f -“hi-‘g”(z)“fk g”(z) E LS(P,*) and 
Hf = gH on M. Thus, if H and H-’ are continuous then H is a conjugacy between f and g 
for g E Ncf) and so f is structurally stable. Let us show that H is continuous. It is enough 
to show that H is continuous at W”(Pi) in a neighborhood of Pi, for each Pi E Peru). 
So let z, + z, z, E T”(PJ and z E T”(Pi) n LS(Pi). Let z, E e, E %“(Pi) and z E e E %“(Pi). 
From condition (3) above, H(z,) E h,*(e,). Also from (3) we have that the set of accumulation 
points of {H(z,)} is contained in LS(Pi*). Thus, H(z,) + h,*(e) n LS(Pi*) = hi(z) = H(z), 
proving the assertion. Similarly, H-’ is continuous and so the lemma is proved. 
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In the final part of this section we show that iffE S(M) and dim M 5 3 then the con- 
ditions of lemma (2.7) can be fulfilled and thusfis structurally stable. 
The next proposition was shown to me by 1%. Shub from lectures of A. Haefliger. 
See [l] for the concepts appearing here. 
(2.8) PROPOSITION. Let N be a compact manifold possibly Ivith corners, A be a sub- 
manifold of SN and G be a compact manifold wYth boundary. Consider an embedding 
J : A + dG and let Emb,,,(N,G) be the subset ofembeddings of/V in G such that g E Emb,,, 
(N,C) iffg-‘(8N) = A, g/A = J and g is transversaI to ZG on A. Let Diff,,(G) be the subset 
of Diff(G) bvhose lements are the identity map on dG. For any given g E Emb,,,(N,G) the 
map 17 : Dill&(G) --* Emb,,,(N,G), dejned by q(H) = H 0 g, is a local triaial jbration. 
The proof of (2.8) fol!ows essentially from [6] (see also [5]) and a lemma due to Seeley 
c91. 
If N in (2.8) is a submanifold of G and qr is an isotopy of N leaving fixed all points in 
N n c’G then qt can be extended to an isotopy of G leaving fixed all points in ?G and outside 
a compact neighborhood of X. 
(2.9) LEMMA. Let f E S(M) and dim M I 3. There exists a system {T”(P) 1 P E Per(f)} 
of 9-neighborhoods such that 
1) {Y(P) 1 P E Per(f)} is admissible, 
2) there exist fundamental domains G”(P) in T”(P) and rliffeomorphisms 
cc/i : Ty(Pi) n Vi --* ( W(Pi) n Vi) x Si ISi, bk,here Vi = G’(P) - lJ Int T”(P,), 
k 
beh(Pi 1 Pk) > 0, ai > 0 and si = dim W(P,). 
Moreover, lf”X & W”(P,) n vi 17 aT”(Pk) then ~k*i-‘(.~ X 6izs’) C y X 6kZsk 
for some y E wU(Pk). If .r E W’“(Pi) n vi n W(P) then Il/;-‘(X X SiI”) C aG’(P). 
Notice that (2) above express the triviality of the normal bundle of WU(Pi) n Vi in 
G”(P) and how these normal bundles fit together. 
Proof. We use induction on the phase-diagram off. For the sources off, we simply take 
cells in their unstable manifolds to be their fl-neighborhoods. 
Let P E Per(f) and T”(P,) constructed satisfying (1) and (2) above for all Pi E Per(j) 
such that beh(P, 1 P) > 0. 
We first assume dim W(P) = 2 and dim M = 3, which turns out to be the most interest- 
ing case. Consider G’(P) c LS(P). From (2.5) we may assume UT”(P,) to contain a neighbor- 
hood of u W(Pi) n G’(P). We show first that we may take G”(P) so that condition (2) is 
satisfied. Then we construct an admissible fl-neighborhood T”(P) 3 C(P). 
Let P, be next to P in the phase-diagram off, i.e. beh(P, 1 P) = 1. We have two cases: 
a) dim W’(Pl) = 1. In this case we can take T”(P,) n aGS(P) = 0, since W”(P1) n G’(P) 
is made up of a finite number of points. Condition (2) is then trivially true. 
b) dim F+“‘(Pi) = 2. We can take aGS(P) to be transversal to L, = W”(Pl) n G’(P) L1. 
is a compact one dimensional submanifold of G’(P), 3L, c aG’(P). Each component of 
L, is diffeomorphic either to I’ or S’. Thus there is a diffeomorphism $I : T”(P,) n G’(P) + 
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L, x 6,f’ for some 6, > 0, such that if x E II” n &7(P) then $t-‘(x x ci,l’) c ZG”(P) 
as required by condition (2). 
For the other periodic points next to P in the phase-diagram we proceed as in (a) or (b) 
above. In fact, their F-neighborhoods can be taken to be pairwise disjoint. 
Let P, be such that beh(P, 1 P) = 2. When dim WU(P2) = 1 we can take T"(P,) n Ty(PJ 
= @ for beh(Pt[ P,)> 0. When dim W"(P2)= 2 then L, = W"(P,)n V,, where V, = 
G"(P) - IJ Int T"(P,) for beh(P, 1 Pk) 2 0, is a compact one dimensional submanifold of 
k 
G”(P). In either case we are reduced to a situation simiIar to (a) or (b) above. The same is 
true for points with higher behavior relative to P, which implies condition (2) of the lemma. 
We now construct an admissible T"(P) 2 G"(P). We may assume P to be a fixed point 
off, for otherwise we proceed as in the definition of a F-neighborhood of a periodic point. 
Let %7(P) = SE u S,, f(S,) = S,. First we notice that a neighborhood U of G”(P) can be 
fibered over U n LS(P), such that if rcl is the projection rri : U-+ U n LS(P), then x1 is C’ 
and n,f=f?rr in a neighborhood of SE. This is done as follows. Let TI, : LS(P) x LU(P) 
-+ LS(P) be the natural projection, C, = G"(P) x 61' for some 6 > 0 and C1 =f(C,). Let qt 
be the C’ isotopy in a neighborhood U, of C,, which is parallel to LS(P), it takes at time t = 1, 
f(n,-‘(f-‘(y)>> into 7r.,-’ (y) for y E U, n LS(P) and it is defined proportional to arc length. 
qt can be extended to all of M leaving fixed all points in LS(P) and outside a neighborhood 
of C, . Now define JC~ = JZ, 0 ‘pi in some neighborhood of G"(P). 
From the C’ product structure given by the $i of condition (2), we get a topological 
product $i: T’(Pi) n Vim (W"(Pi) n Vi) X 6ir’, such that for t E 6iI”‘, t,bi-'(W"(Pi) x t) 
c ei for some ei E F(Pi). This is a consequence of the fact that in T”(P,) the fibers 
ei E F(P,) are C’ close to W'(Pi). Thus in some neighborhood of Q(P), N = lJ T”(P,), Pi 
periodic saddles off, is a fiber bundle over N n LS(P) with typical fiber I’. If ni: N + N n 
LS(P) is its projection map then, from condition (2) andf-invariances of F(Pi), z-f = fn in 
a neighborhood of CE . We claim that there exists a neighborhood U, of G"(P), which fibers 
over U, n LS(P) with projection map x,, : lJ, -+ U, n LS(P) such that TCJN = 7-c, 7r0 is 
C’ off N and nof = f&, in some neighborhood of C, . We proceed as follows. dN is a two 
dimensional submanifold of M possibly with corners. But from condition (2) above these 
corners do not occur in a neighborhood of i?Gs(P). We define an isotopy $t of dN in a 
neighborhood of CE such that #J* is parallel to LS(P), it takes at time t = 1 n-‘(y) into 
n,-‘(_~) for y E aN n LS(P) and it is defined proportional to arc length. +* can be extended 
to a neighborhood of C, . This induces a isotopy in a neighborhood of C1, defined byfQ,f -l. 
The unionofthese isotopies can now be extended to a11 of M, leavingfixed all points inLS(P). 
Define rc2 = z1 0 +1 : U2 + U, n LS(P), where Uz is a neighborhood of G'(P). Clearly 
n,f = fn2 near CE , Finally, define an isotopy CD, of all &V similar to the previous ones, but 
taking at time f = 1 n-l@) into ~c~-~(Y) for y E dN n L'S(P). Since rr,/dN = TI near W(P), 
iD, leaves tied all points of 8N near aG'(P). Then from proposition (24, Qr can be extended 
to all of M, leaving fixed all points in LS(P) and in a neighborhood of dG'(P). Thus we get 
a projection X, = rr2 0 Q1, which extends n/dN and 7rJ f = fn3 near C,. Our assertion is 
proved by setting x0 = n/N v 7c,/U0 - N, where U0 is some neighborhood of G'(P). 
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We now redefine rrO in a neighborhood of P by setting rrO-lCy) =f”rco-‘(f-“~)) for 
f -“b> E G”(P). Using lemma (1. I), we have that x,, defines an p-neighborhood of P which 
is admissible. 
When dim W”(P) = 1, the induction step in proving conditions (1) and (2) of the 
lemma is much simpler. We can take all T”(Pi), Pi periodic saddles offwith beh(Pi j P) > 0, 
pairwise disjoint and disjoint from dG”(P). Thus condition (2) is trivially true. For con- 
dition (1) we proceed as in the previous case. Using the same notation, we notice that here 
the extension of the projection n : N + N n LS(P) is much easier. 
To conclude the lemma we must prove condition (2) when dim M = 3 and P is a sink. 
If dim R”‘(PJ = 1, we can take ZG”(P) transversal to W”(Pi) and condition (2) is immediate. 
If dim W’“(PJ = 2, we take 8GS(P) transversal to W’(P,) and to @“‘(Pi) n 3T”(Pk) for 
beh(Pi (PJ > 0. Thus Lz = ?Y”(Pi) n Vi is a compact two dimensional submanifold of 
G’(P) possibly with corners. Via iteration by f-r, the question can be considered in a 
fundamental domain G”(P,) c LU(P,). Condition (2) can then be verified in the same way 
as condition (1) for the case dim W(P) = 2 and dim M = 3, treated above. This finishes the 
proof of the lemma. 
(2.10) Remark. Let {T”(P,)} be an admissible system of g-neighborhoods for Per(f), 
with projection maps rri : T”(P,) + T”(P,) n W’(P,), as constructed in lemma (2.9). Using 
lemmas (1.1) and (1.8) at each stage of this construction in (2.9), we get for each g in some 
neighborhood N(f) in Diff(M) an admissible system {Y(Pi*)} of F-neighborhoods for 
Per (g), with projection maps rri* : 7’“(Pi*) -+ T”(P,*) n Ws(Pi*) such that 
1) a7’“(Pi*) = aT(Pi) for each index i, 
2) rri* is c’ close to x on U n f3(U T”(Pj)), where the Pi are saddle points with 
beh(Pj ( Pi) > 0 and U is a neighb&hood of a fundamental domain G”(Pi) c T”(Pi). 
(2.11) LEMMA. Let P be a fixed point off and G”(P) be a fundamental domain of W(P), 
8Gs(P) = S, v Se with S, = f(S,). Let N be a compact submanlfild of G*(P) pos.sibZy with 
corners, such that N is f-incariant, i.e. N n S, = f (N n SE), N is transcersal to G”(P), 3N 
separates G’(P) in two disjoint components and 8N n Se is disjoint from f -‘(aN n S,). 
Suppose that for each g in some neighborhood off in Diff(A4) 1b’e haze a homeomorphism h, 
of N into G”(P*) such that hgf = gh, on aN n SE and the correspondence g + h, 1 dN is 
continuous at f and h, = 1 on aN. Then for g near f in Diff(M), h, can be extended to a homeo- 
morphism H, of G”(P) onro G’(P*) such that Hg f = gH, on S, , Hg being c’ small in G’(P) - N. 
Here, we assume dN n SE and f -‘(8N n S,) disjoint because N might not bef-‘-in- 
variant. The same result holds for P E Per(f) : if n is the period of P, one has to consider 
the map f”, 
ProoJ From lemma (1 .S) we have a diffeomorphism p : G’(P) + G”(P*), C’ small if g 
is near f in Diff(M). Let ie, ir be the inclusions of aN n SE, aN n S, in G”(P). Then iE and 
p-‘h,, f -‘ir and pvlgslh,il are C’ close embeddings of aN n S,, aN n S, in SE. From 
(2.8) there is a C’ small diffeormorphism qE of D(P) such that qE iE = p-‘h, ie, qEfwliI = 
p-lg-lh,iI and qE leaves fixed all points outside a small neighborhood of SE. Consider 
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now the two close embeddings fiE and p-‘g p r],i, of SE in LS(P). There is a c’ diffeo- 
morphism qr of LS(P) such that qrfi, = p-lg qE and qr leaves fixed all points outside a 
small neighborhood of S,. Let q = qr qE. We have pqf = gpq on SE and pq = h, on 
ZN n ZG’(P). Finally consider the C’ close embeddings rl and p-lh, of ?N in G'(P). Since 
dN is transversal to ZG”(P) and g = p-‘h, on ZN n ZG”(P), there is from (2.8) a diffeo- 
morphism VJ* of G’(P) such that 4”~ = p -lhg on d,V and q* fizzes all points in ZG”(P). There- 
fore, Z?, = h,/N u pq*/G”(P) - N satisfies all the required conditions. The lemma is proved. 
(2.12) THEOREM. A Morse-Smale diffeomorphism f of M, dim &f 5 3, is structurally 
stable. 
Proof. It is enough to show that conditions (1) to (3) of lemma (2.7) can be fulfilled. 
Condition (1) follows from (1.9) : for g near f in Diff(M) we have a diagram isomorphism 
p(g): Per(J) + Per(g). As before, we denote P * = p(g)(P). 
Let {T”(P,)}, {T”(Pi*)} and G’(P) be defined as in (2.10). We now construct homeo- 
morphisms Iz,: LS(P,) + LS(Pi*) satisfying condition (3) of (2.7). We will require also 
hi/G”(P) n 2( u T”(Pj), where the Pi are saddle points with beh(Pjl Pi) > 0, to be C’ small. 
If Pi is a source, hi is defined simply by H(P,) = Pi*. Suppose Irj has been constructed 
as required above for all LS(P,) such that beh(Pi 1 Pi) > 0. Let Pi+l be such that beh(Pi+l 1 Pi) 
= 1. From lemma (1.8) we get a C’ small diffeomorphism ri: W”(Pi+l) n G”(P,) -+ 
W’(P~+l) n Gs(Pi*) such that rJ= gri on the exterior boundary S, of G”(P,), for g near 
fin Diff(M). On the other hand, as in lemma (2.9) we have a product structure. 
$i+l: W”(Pi+l) n G”(P,) 4 (W”(Pi+l) n G”(P,)) x dI”*+’ 
so that for t E 61”l+ L,$-l(W”(Pi+l) x t) t e, for som e, E 9”(Pi+i). Let cy(Pi+I) = 
{(W”(Pi+l) n G’(PJ) X t) t E 61”“’ If hi+,:: p(Pi.1) --, F”(PJ is the map induced by 
/Ii+1 on F”(Pi+i), then hi+1 * induces a map pi: r(Pi+,) -+ cu(Pi+1*) defined by pl(e, n 
G”(P)) = h+,(e,) n G’(P*). Thus the map hi*: T”(Pi+1) n G”(P,) -+ T”(P,+,*) n Gs(Pi*) 
satisfies hi f = gh, on SE and hi is C’ small on G”(P,) n Ai+l, where Ai+l = &Y”(Pi+,) - 
u Int T”(P,) for saddles Pk with beh(Pk [ Pi) > 0. 
k 
We now use induction on the behavior of the periodic saddles Pj relative to Pi in order 
to extend hi to hi: u TU(Pj) n G”(P,) --, U T”(Pj*) n Gs(Pi*) such that i”lif= ghi on S, and 
hi is C’ small on &l T”(Pj)) n G”(P,). Tie induction step is done by using again (2.9) and 
the argument is the same as above. When we reach the sources off in this process, then 
lemma (2.11) allow us to extend hi to hi: G”(P,) + G”(Pi*) satisfying condition (3) of lemma 
(2.7) on G”(P) and in particular hi f = gh, on SE. Finally, we define h on all of LS(P) by 
Iii(z) = g”/zi f -“(z),f-“(z) E G’(P) and hi(Pi) = Pi*. Since hi satisfy all the required condi- 
tions, the theorem is proved. 
§3 
Here we consider the extension of the results of the previous sections to the set of 
Morse-Smale vector fields Y(M) c%(M). The proofs in this case are similar to those of the 
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previous sections, once some of the concepts given for diffeomorphisms are adapted for 
vector fields. 
For XE x(M), we denote its induced flow by X,. We recall that a singularity .r of X 
is hyperbolic ifs is a hyperbolic fixed point for XCzl, the difkomorphism induced by X at 
time t = 1. A closed orbit 7 of X is called hyperbolic if for I E 7, the PoincarC transfor- 
mationf: U -+ S has .Y as a hyperbolic f?.xed point. Here S is a cross section of 7 at 5 and U 
is a neighborhood of I in S. We denote the set of singularities (fixed points) and closed 
orbits of X by A(X). When N E A(X) is hyperbolic we can define the stable and unstable 
manifolds of rl [13], denoted by FV’(cl) and FV’(rl). The local stable and unstable manifolds 
of CL are denoted by LS(a), LU(r). 
(3.1) LEMMA. Let z E A(X) be hyperbolic. Suppose IV is a one-to-one immersed manifold 
in M hacing a point of transcersal intersection with W’(r) and being imariant under X,, 
i.e. x E N implies X,(x) E Nfor all t E R. If a is a fixed point, let B be a cell neighborhood of r 
in W”(a). If a is a closed orbit, let B be a cell neighborhood of a in W“(a) n S, S a cross section 
of y at x. Given E > 0, there exists a submanifold of N, E close to B in the C’ sense. 
Proof. If a is a fixed point, consider the time one map Xrzl, for which x is hyperbolic. 
If CL is a closed orbit, consider the PoincarC transformation f: U+ S for which ,Y is hyper- 
bolic, U a neighborhood of x in S. Since N is invariant under X,, N has a point of trans- 
versal intersection with W’(a) in U. In either case, the result follows from lemma (1.1). 
(3.2) PROPOSITION. (Smale). Let XE Y(M). Then 
1) for any a E A(M), W’(a) and W“( c( ) I Iace the topology induced by M. 
2) A(M) has a partial order structure defined by: for ul, rz E A(M), sll < a2 if and only 
if W’(aJ n W’(q) # $3. 
Proof. It follows from lemma (3.1) and the fact that M = $J Ws(ri) = y W”(aJ, 
ai E A(X), using the same argument as in the proof of (1.5) and (1.6). 
A(M) with this partial order structure is called the phase-diagram of X. 
See [13] for the proof of the following analogue of lemma (I.0 
(3.3) LEMMA. Let a E A(X) be hyperbolic of period o (if a is a $xed point +ve consider 
o = 0). Let U be a neighborhood of cI in M containing no element of A(X) of period less than 
204 besides c*. There exists a neighborhood N(X) in x(M) and a continuous map p : N(X) + 
Diff(M) such that 
I) p(X) = 1, the identity map on M, 
2) a* = p(Y)@) is the unique element of A( Y) in U of period less than 20, a* is hyper- 
bolic and has the same stable index as z, 
3) LS(a), LU(sc) are isotopic to LS(r*), LU(r*) and the isotopy depends continuously 
on YEN(X). 
(3.4) Definition. Let XE x(M) and a E A(M) be hyperbolic. Let B be a neighborhood of 
a in W’(Z) whose boundary aB is transversal to X. We call G’(a) = dB a fundamental do- 
main of WS(r). Any cross section of X containing G’(a) and transversal to W’(a) is called a 
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fundamental neighborhood N’(r) associate with k+“(r). We have W’(z) = u X,(G’(a)) u 
t*R 
{LX> and U X,(N”(r)) u W”(z) contains a neighborhood of z in M. 
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(3.5) THEOREM. The set .9'(M) is open in l(M). Also if X E ,9’(M) its phase-diagram is 
stable (up a diagram isomorphism) under C’ smal!perturbations. 
Proof. Using fundamental domains and neighborhoods as in (3.4), the proof 
of (1.9) goes through here to show that the phase-diagram of XE .y(M) is stable. The 
openess of the transversality condition, i.e. for Y in some neighborhood of X in X(M) any 
pair of elements ri, aj E A(Y) have their unstable and stable manifolds transversal to each 
other, is proved by induction on the phase-diagram of X using lemmas (3.1) and (3.3). 
Let us now define F-neighborhoods of the elements of A(X) for XE Y(M). If a E 
A(X) the definition is the same as that of (2.4), the invariance condition being under X, for 
t 2 0. If c( is a closed orbit with period w, we first assume that there is a cross section S of y 
at x E 7 which is invariant in the following sense: there is a neighborhood I/ of x at S such 
that X,=,(V) c S. Letf: Ud S be the induced Poincare map and T”(x,f) be an F-neigh- 
borhood of x in U with projection map rt : T”(x,f) -+ T’(x,f) n W(x,f). We then define 
an F-neighborhood of Q as r”(c() = U Xr(TY(x,f)) for 0 5 t I o with projection map 
I 
no : T”(u) -+ T”(a) n W’(E) defined by no(z) = X,nX_,(z) for X_,(z) E T”(x,f). We now 
show that in order to prove the structural stability of X E Y(M), we may assume the closed 
orbits of all vector fields in some neighborhood of X to have invariant cross sections. In 
fact, let yl, . . . , y,,, be the closed orbits of X with periods wi, . . . , w, and cross sections 
S,, -*., S,,, , respectively. By a local change of parametrization on their induced flows near 
we get a continuous map p : N(X) -+ Y(M) of a neighborhood N(X) c y(M) ;;;V&m. p 
IS o en in x(M)) such that for each YE N(X) 
1) Y and p(Y) have the same trajectories and they are topologically equivalent, i.e., 
there is a homeomorphism of M sending trajectories of Y into those of p(Y), 
2) the closed orbits ‘or*, . . . , y,,,* of p(Y) have periods or, . . . , co, and S,, . . . ,S,,, as 
invariant cross sections. In fact, we may assume that for each Y E N(X) all periodic 
orbits of p(Y) have the same period of w = 1. 
The definition of an admissible set of ,F-neighborhoods is the same as in (2.6). 
(3.6) LEMMA. (Stability Lemma). Let XE Y(M). Then X is structurally stable if there 
exists a neighborhood N(X) in Y(M) such that 
1) for each YE N(X), the map p(Y) : A(X) --* (Y) defined in (3.3) is a diagram iso- 
2) 
3) 
morphsim, 
each YE N(X) has an admissible system of %-neighborhoods, {T”(z*) 1 a* E A(Y)}, 
with their space of fibers denoted by %“(a*) and u* = p(Y) (a) for a E A(X), 
for each ii E A(X) there is a conjugacy hi : LS(a) + LS(c(*) between X,/LS(cc) and 
Y,/LS(a*), i.e. hi X, = Y, hi OR LS(CYJ, such that ifhi : %“(~i) -+ %“(ri*) is its induced 
map on %“(ai) then hi* is admissible in the following sense: for ei E %“(zi) and 
ej E %“(aj) ifei c ej then h,*(e,) c hi*(ej). 
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Proof. Define H(Z) = Y_ rhi X,(Z) for X,(Z) E LS(E,). Since :M = lJ X,(LS(ri)), H is a 
well defined map on :M, with an inverse H-‘(z) = X_ rhi-’ Y,(Z) for Y,;z\ E LS(cr,*). Clearly 
HX, = Y, H on M, for each t E R. Thus the lemma will follow if H, H - ’ are continuous. But 
this can be proved in the same way as in (2.7). 
The proof that conditions (1) to (3) of lemma (3.6) can be fulfilled when dim M I 3 is 
very similar to that of the diffeomorphism case. We just remark that, in the construction of 
an admissible system of F-neighborhoods, for a fixed point one argues with a fundamental 
domain of its stable manifold (definition (3.4)) and for a closed orbit one argues with the 
Poincart transformation of an invariant cross section, as in the diffeomorphism case. 
Thus, we have 
(3.7) THEOREM. A Morse-Smale cector field on M, dim M 5 3, is structurally stable. 
In this section we discuss the question of embedding a diffeomorphism of M in a 
topological flow. A topological flow of M is homomorphism cp : R + Homeo(M) such that 
the induced map (p* : R x M-+ M, defined by cp*(t, x) = q(t)(x), is continuous. Here R 
is the real line with its additive Lie group structure and Homeo(lM) is the group of homeo- 
morphisms of M. 
We will be restricted to the following Baire subset of Diff(M): 
i) all points in Per(f) are hyperbolic, 
ii) for each pair of points P, Q E Per(f), WS(P) and W”(Q) are in general position, 
iii) Cf Per(f) = n(f). 
A diffeomorphism satisfying conditions (i) and (ii) above (see [4] and [12]) is called 
Kupka-Smale. The Baire property of B(M) is in [S]. 
(4.1) Definition. Let f c B(M). We say that there exists a heteroclinic phenomenon 
associated with f if for a pair of points P, Q E Per(f), P # S(Q), W’(P) n W’(Q) has a 
closed non-empty component. 
If dim W’(P) = dim w’(Q) in the above definition, then W’(P) n W”(Q) is made up 
of points called heteroclinic. We shall give later an example of heteroclinic phenomenon 
with dim W”(P) # dim W’(Q). 
(4.2) THEOREM. Suppose f E B(M) embeds in a topologicaljlow of M. Then: 
1) Per(f) = Fix(f) 
2) f restricted to each invariant manifold of its periodic points is orientation preserving, 
3) there is no heteroclinic phenomenon associated to f. When dim A4 = 2, these con- 
ditions are also sufficient for f E B(M) to embed in a topological-flow. 
(4.3) Remark. For f E B(M), condition (1) above implies that f is Morse-Smale. 
Proof of (4.2). Suppose f E B(M) embeds in a topological flow qt. By a change of para- 
metrization if necessary, we can assume f = ‘pl. If P E Per(f) has period n > 1, then the 
orbit y of cpt through P is closed. Also, all points in y will be periodic for f with period n. 
But this contradicts the fact that the periodic points off E B(M) with period less or equal 
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to n are isolated. Thus, Per(f) = Fix(f). Since for P E Per(f), kV’(P) and W”(P) are invariant 
under qr and (P(, 0 I t I 1, is a homotopy between Ici, andf, condition (2) is proved. If K 
is a closed non-empty component of W’(P) n W”(Q) for P, Q E Per(f) and P # C(Q), then 
K must be invariant under cpt. In particular K must be invariant under cpl = f, which is 
impossible since Kc W(P). Thus, the first part of the theorem is proved. 
Let us assume now thatfE B(M) satisfies conditions (1) to (3) and dim A4 = 2. We are 
going to construct a topological flow X, in A4 such that X,= 1 = J Let S, be the set of saddle 
points off. We treat first the case S, # @. From (2.1), we may assume f to be linear in a 
neighborhood of each of its fixed points. This and conditions (1) to (3) above imply the 
existence of coordinate neighborhoods Ui = LS(P,) x LU(P,) of each Pi E S,, such that: 
a) n~Zf”(ui) n .vzYtuj) = 0 for pi f pj. 
b) f(.yl, x2) = (I.,x,, 2.z x2), 0 < 2, < 1 and 1.1 > 1 .Y~ E LS(Pi) and .‘c* E LU(Pi). 
Let X,(x,, _yJ = (,$‘x,, &‘xJ be the local one parameter group generated by f and let 
X be the associated vector field. We can extend X,, and thus X, to all of u f”(Ui) by: 
nsZ 
X,(Y) =_Yx*f-“Oi), f-“(Y) E ui (*) 
Consider now an embedded disc D around each sink P off, such that f(aD) c Int D 
and dD is transversal to X. Thus, X is defined on a finite number of disjoint strips of G”(P), 
where G’(P) is the closed annulus bounded by 8 D and f(dD). The extension of X to all of 
G*(P), in such a way that X,= I = f, can be done according to a general procedure introduced 
by Smale in [12]. In fact, this question is reduced to the following one. Let II, I2 be copies 
of [0, 11, let f: I, x (0) --+ 1, x (1) be an orientation preserving diffeomorphism and let 
X = d/&u, restricted to {0} x I2 u {l} x I2 . We want to extend X to all of 1, x I, such 
that X,=, =J To do this, we notice that identifying, in f, x 12, (x, 0) with f(x, 0) we get a 
manifold N diffeomorphic to 1, x S ‘, say through 1. Parametrizing 1, x S’ by ((1, 0) IO I 
t I 1,0 I 19 I 2n}, the pull back by A of a/80 gives the desired vector field X on 1, x I,. 
Having defined the flow on fundamental domains of the sinks offi we can extend it to 
all of M by saturation through f, as in (*) above, and define the flow to be constant at the 
sinks and sources off. The continuity of the flow in these points is a consequence of the fact 
that f(f-‘) restricted to a neighborhood of a sink (source) off is a contraction. This 
concludes the proof of the theorem when the set of saddle points off S, is not empty. If 
S, = 0, there must be a unique sink and source for f and M must be the sphere S2. The 
construction of the flow in this case can also be done by the previous method. This corn- 
pletes the proof of the theorem. 
(4.4) Remark. By making small C’ perturbations of a/% in 1, x S’ above, we see that 
factually embeds in uncountable many flows. 
(4.5) CORROLLARY. For any neighborhood U of 1 in Diff(M) there exists an operl set 
V c U such that no element of V embeds in a topological flow. 
Proof. Let qr be a C’ fiow in M with a closed orbit y. Let .Y E y and let t, E R be such 
that qr, E U and .Y is a periodic point for qr, of period n > 1, for some n E 2,. From [12] 
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there exists g arbitrarily close to (I~, in Diff(M), such that I is a hyperbolic periodic point 
for g of period n. Also there exists a neighborhood V, ofg in Diff(Xf), with the property that 
each element of V, has a hyperbolic periodic point of period n > 1. Thus, by theorem (4.2) 
no elements of V, embeds in a topological flow. Take V to be an open neighborhood ofg in 
Diff(M), Y c U n Y,. The corollary is proved. 
We give now an example of an heteroclinic phenomenon, more general than the ones 
furnished by heteroclinic points. We start with a Morse-Smale diffeomorphism f of S2, 
having at least one saddle point. Let S3 be the suspension of S’ and extend f to be Morse- 
Smale in S’, having the north and south poles as sinks. Let g be this extension off. There 
will be two saddle points for g, say P, and P2 such that dim W”(P2) = dim W”(P,) = 2 and 
W”(P2) n @“(PI) is non-empty and made up of at most two connected components L,, 
each homeomorphic to the real line. Let N’(P,) be a fundamental neighborhood and let 
D be a small embedded disc in FV”(P2) n Int N”(P,), D n Ws(Pl) = @. Finally, let q be 
an ambient diffeomorphism of S3 such that y = Id outside N”(P,) and on dD, y/D is trans- 
versal to W(P,), y(D) n W(P,) # @ and y(D) n Li = 0. Define g = qg. Clearly, g is 
Morse-Smale and Per(g) = Per(g). Moreover, W”(Pz, g) n W’(P,,g) is made up of 
embedded lines and circles. 
The generalization of (4.2), for higher dimensions of iM, is certainly related to the 
obstruction to extending vector fields defined in some subsets of M. This generalization 
amounts to the following. 
Problem. What conditions, besides those of (4.2), should f E B(M) satisfy in order to 
embed in a topological flow. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
::: 
13. 
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